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Localization Length in Anderson Insulator with Kondo Impurities
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The localization length, ξ, in a 2–dimensional Anderson insulator depends on the electron spin
scattering rate by magnetic impurities, τ−1
s
. For antiferromagnetic sign of the exchange, the time
τs is itself a function of ξ, due to the Kondo correlations. We demonstrate that the unitary regime
of localization is impossible when the concentration of magnetic impurities, nM, is smaller than
a critical value, nc. For nM > nc, the dependence of ξ on the dimensionless conductance, g, is
reentrant, crossing over to unitary, and back to orthogonal behavior upon increasing g. Sensitivity
of Kondo correlations to a weak parallel magnetic field results in a giant parallel magnetoresistance.
PACS numbers: 72.10.Fk, 72.15.Rn, 73.20.Fz
Introduction. Scaling theory of localization [1] renders
predictions for the dependence of the localization length,
ξ, on the dimensionless conductance g = kFl, where kF is
the Fermi momentum, and l is the mean free path. In two
dimensions, in the absence of a magnetic field, ξ(g) in-
creases with g as exp(pig
2
). Spin–flip processes caused by
magnetic impurities affect the ξ(g) growth. The under-
lying reason is the suppression of the destructive inter-
ference, which, without magnetic impurities, facilitates
localization. The quantitative measure of this suppres-
sion is the spin–flip scattering time, τs, defined as
1
τs
= nMσsfvF, (1)
where nM is the concentration of magnetic impurities, σsf
is the scattering cross section for a single magnetic im-
purity, and vF is the Fermi velocity. The growth of ξ(g)
is significantly accelerated by magnetic impurities when
the conductance is high enough, so that ξ(g) exceeds the
spin–flip length, (Dτs)
1/2 [2,3], where D = v2
F
τ/2 is the
diffusion coefficient, and τ is the scattering time. For
higher g–values ξ(g) rapidly crosses over to exp(pi2g2)–
behavior, corresponding to the unitary ensemble. The
suppression of the weak localization correction due to
magnetic impurities was first pointed out in Ref. [4].
The fact that the first non-vanishing term in the scal-
ing function is∼ 1/g2, suggesting the orthogonal–unitary
crossover, was established in Refs. [5,6].
The exact form of the dependence ln ξ(g) in the pres-
ence of the spin–flip scattering cannot be inferred from
the scaling theory. Still it is possible to utilize the
approach of Lerner and Imry [7], who considered the
orthogonal–unitary crossover with magnetic field, and
apply it to the case of the spin–flip scattering. This yields
ln
(
ξ
l
)
=
1
2
ln
(τs
τ
)
+
[
pig − ln
(τs
τ
)]2
, (2)
Eq. (2) emerges upon integration of the scaling equa-
tion from the largest length, ξ, to the smallest length,
l. In course of integration, the unitary form of the β-
function must be used within the interval
[
ξ, (Dτs)
1/2
]
and the orthogonal form within the interval
[
(Dτs)
1/2, l
]
.
A crossover equation similar to Eq. (2) emerges from the
calculation of the β–function following Ref. [8], but with
τs kept finite.
In previous considerations it was implicit that mag-
netic impurities are free to flip their spins. More pre-
cisely, the ability to flip spins was assumed independent
of the degree of localization of the surrounding electrons.
On the other hand, for antiferromagnetic sign of the ex-
change, it is evident that at zero temperature the spin–
flip scattering is completely suppressed due to the pres-
ence of the Fermi sea. Indeed, as the temperature is
lowered, the screening of spin of the magnetic impurity
by the Fermi sea electrons drives the impurity into the
Kondo state, in which only spin–conserving scattering
is possible [9,10]. Thus, at zero temperature, the spin–
flip scattering rate is expected to vanish, and hence, no
orthogonal–unitary crossover in ξ(g).
Our main point here is that the above scenario does
not apply to the Anderson insulator. The reason for
this is the following. In the localized regime, a single
magnetic impurity ”communicates” only with surround-
ing electrons within a spatial domain∼ ξ. In other words,
the magnetic impurity in the insulating environment can
be viewed as a Kondo–box [11] of size ∼ ξ. As a result,
the ground state of this impurity is determined by the ra-
tio of two energies, namely TK – the Kondo temperature
in the bulk, and ∆c – the level spacing in the box. In the
case of the Anderson insulator, we have ∆c =
(
νξ2
)−1
,
where ν is the density of states [12]. This leads us to
the conclusion that the spin–flip scattering rate at zero
temperature can be obtained from the finite–temperature
expression [9,10] with temperature, T , replaced by ∆c.
1
Therefore, the time, τs, which determines the localiza-
tion length, ξ, through Eq. (2), is itself a function of ξ.
With τs being ξ-dependent, Eq. (2) becomes an equa-
tion for the localization length. As we will demonstrate
below, this leads to a nontrivial behavior of ξ(g).
Localizaion length. In order to find ξ(g) from Eq. (2),
the dependence τs(ξ) should be specified. This can be
done in two limiting cases
(i) underdeveloped Kondo regime, TK < ∆c. In this
limit the leading logarithm approximation [13,14] applies.
Then, for the spin–flip scattering cross section, we can
use the expression derived with leading logarithm accu-
racy [15,16] and replace T → ∆c. For the impurity spin
S = 1/2 this yields σ−1sf = 2kF
[
1 + 4
3pi2 ln
2 (∆c/TK)
]
. It
is convenient to rewrite the above expression in terms of
the ratios τs/τ and ξ/l that enter the crossover equation
Eq. (2). Using Eq. (1), we obtain
τs
τ
∣∣∣
∆c≫TK
=
4pine
gnM
{
1 +
4
3pi2
ln2
[(
ξ
l
)−2(
2piEF
g2TK
)]}
, (3)
where ne = k
2
F
/2pi is the concentration of electrons, and
EF = h¯kFvF/2 is the Fermi energy.
(ii) fully developed Kondo regime, TK > ∆c. In this
regime the spin of the magnetic impurity is screened, so
that the spin–flip scattering is suppressed. The depen-
dence of τs on ξ can be inferred from the following reason-
ing. In a homogeneous system at temperature T ≪ TK
the full scattering cross section for an electron with en-
ergy ∼ T by a magnetic impurity differs from the unitary
value by a fraction ∼ (T/TK)
2
. This deviation comes
from two, comparable to each other, spin-conserving and
spin-flip contributions. In our case the temperature is
zero, but the magnetic impurity is effectively located in
the “box” of a size∼ ξ with discrete electron levels spaced
in energy by ∆c ≪ TK. Using ∆c instead of T as the
smallest energy scale, yields the following expression for
τs in the fully developed Kondo regime
τs
τ
∣∣∣
∆c≪TK
=
4pi
g
(
ne
nM
)(
TK
∆c
)2
=
g3ne
pinM
(
ξ2TK
l2EF
)2
, (4)
where the coefficient 4pi in the first identity is chosen
in such a way that Eqs. (3) and (4) match at ∆c ≈
TK. Replacement of T by ∆c in Eq. (4) warrants a
more detailed discussion. Indeed, after being placed into
the box, the ability of the magnetic impurity to flip the
spin depends on the actual disorder realization within
the box via the parity effect [11]. In other words, the
deviation from complete screening fluctuates randomly
between zero and ∆c/TK. Finite T , on the other hand,
causes the deviation from the complete screening by the
amount ∼ T/TK. The similarity between the situations
with finite T and finite ∆c is furthered by the observation
that formation of the Kondo state in the box with even
number of electrons involves partial occupation of the
first level above the Fermi level [11]. The same happens
when the temperature is of the order of ∆c.
The dependence τs(ξ) defined by Eqs. (3), (4) is de-
picted schematically in Fig. 1a. The minimum corre-
sponds to ξ = ξK, where the length ξK is defined as
ξK =
(
EF
neTK
)1/2
. (5)
At ξ = ξK we have τs/τ ≈ 4pine/gnM. Fig. 1a al-
lows us to draw certain conclusions about the behavior
of the localization length as a function of the conduc-
tance. Indeed, if the minimum lies above the bisector
τs/2τ = (ξ/l)
2, then the ξ(g)– dependence remains “or-
thogonal”, ln (ξ/l) = pig/2, at any g. The corresponding
condition can be rewritten as nM < nc, where
nc =
ne
pi
(
TK
EF
)
ln
(
EF
TK
)
, (6)
is the critical concentration of magnetic impurities.
When nM exceeds nc, the line τs/2τ = (ξ/l)
2
intersects
the τs/τ curve at two points, ξ1/l = exp (pig1/2) and
ξ2/l = exp (pig2/2). Therefore, the orthogonal behavior
of ξ(g) holds within the domains g < g1 and g > g2, as
illustrated in Fig. 1b. With logarithmic accuracy the
values g1 and g2 are given by
g1 =
1
pi
ln
(
2pine
nM
)
, g2 =
1
pi
ln
[(
pinM
ne
)(
EF
TK
)2]
. (7)
In the domain g1 < g < g2 the dependence ξ(g) takes
different forms within the intervals g1 < g < gK and gK <
g < g2, as shown in Fig. 1b. The crossover conductance,
gK, is determined from Eq. (2) by substituting ξ = ξK
and using Eq. (3) for τs/τ . This yields
gK =
1
pi
{
ln
(
4pine
nM
)
+
1
21/2
ln1/2
(
nMEF
2neTK
)}
. (8)
In the interval g1 < g < gK the ξ(g) dependence follows
Eq. (2) (see Fig. 1b). Further growth of ξ with con-
ductance is slow due to the suppression of the spin–flip
scattering in the fully developed Kondo regime. The an-
alytical form of ξ(g) in the interval gK < g < g2 can be
found from Eq. (2) upon substituting Eq. (4) for τs and
solving for ξ. We obtain
ln
(
ξ
l
)
=
pig
4
+
1
4
ln
(
pinME
2
F
neT 2K
)
=
pi(g + g2)
4
. (9)
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FIG. 1. (a) Dependence of the dimensionless spin scatter-
ing time on the localization length (in the units of l) as defined
by Eqs. (3), (4) is depicted schematically for different concen-
trations of magnetic impurities, nM; (b) localization length, ξ,
is plotted versus dimensionless conductance for nM > nc. For
g < g1 and g > g2 the straight line reflects the “orthogonal”
behavior ln (ξ/l) = pig/2. In the interval g1 < g < gK local-
ization length follows the crossover formula Eq. (2). Novel
regime Eq. (9) due to the Kondo effect takes place within the
interval gK < g < g2. The inset shows the dimensionless lo-
calization length in a quasi-one-dimensional geometry, plotted
schematically versus dimensionless conductance for nM > n˜c.
Eq. (9) is our central result. It describes the inter-
mediate behavior of the localization length, when it is
much smaller than the “unitary” value, but much larger
than the “orthogonal” value (see Fig. 1b). The slope,
∂ ln ξ/∂g = pi/4 in this regime is 2 times smaller than
in the orthogonal regime. The factor 2 originates from
the ξ-dependence of the r.h.s. of Eq. (4) and reflects the
underlying physics, namely, that the ability of the Kondo
impurity to flip the spin is governed by the level spacing
in the Kondo–box [11].
We found that the spin–flip induced enhancement of
the length ξ occurs when the concentration of magnetic
impurities exceeds nc given by Eq. (6). At nM = nc,
the condition τs/2τ = (ξ/l)
2
is satisfied for ξ = ξK. For
consistency of our consideration the number of magnetic
impurities within the area ξ2
K
must be large. Indeed, from
Eqs. (6), (5) we find nc ξ
2
K
∼ ln (EF/TK)≫ 1.
Quasi-1D geometry. The above consideration can be
easily extended to the quasi-one-dimensional geometry,
i.e. a wire of a width W . The difference between the or-
thogonal and unitary regimes is less pronounced in this
geometry. Namely, with increasing g the localization
length crosses over from ξ(g) = gW/2 to ξ(g) = 2gW .
The crossover equation, analogous to Eq. (2), is known
[17]. Analysis of this equation is very similar to the 2D
case. In this analysis the expressions (3), (4) for τs/τ
must be modified since for a wire the level spacing in
the Kondo–box takes the form ∆c = (νξW )
−1
. We will
outline the results of this analysis. Presence of mag-
netic impurities affects ξ(g) if the impurity concentra-
tion, nM, exceeds n˜c ∼ ne (TK/EF). For nM > n˜c the ξ(g)
dependence is depicted schematically in Fig. 1b, inset.
The first crossover at g˜1 =
(
nMW
2
)−1
is a conventional
orthogonal–unitary crossover. The second crossover back
to the orthogonal result occurs at g˜2 = nM (EF/neWTK)
2
,
when the Kondo regime is fully developed.
The effect of RKKY exchange. As we have established
above, the localization length exceeds the “orthogonal”
value only when nM > nc. The upper limit on nM, for
which our consideration applies, comes from the indirect
RKKY interaction, which leads to the strong correlation
of spins of neighboring magnetic impurities (spin glass)
and, thus, precludes the formation of the Kondo states
for individual impurities. In order to incorporate the
RKKY interaction, Ein(r), into the theory, we note that,
even if on average this interaction exceeds TK, a certain
fraction, f , of the impurities still remains in the Kondo
regime. This fraction is equal to
f = exp
(
−pinMr
2
K
)
, (10)
where rK is determined from the condition Ein(rK) = TK.
Then fnM is the concentration of the isolated magnetic
impurities, for which the indirect interaction with all the
other impurities is smaller than TK. Thus, taking into
account the RKKY exchange between the magnetic im-
purities amounts to the replacement of nM in Eqs. (1),
(3), (4), and (7– 9) by fnM = nM exp
(
−pinMr
2
K
)
. The
interval of nM, where the above consideration applies,
is determined by the condition fnM = nc. The lat-
ter product has a maximum, as a function of nM, at
nM =
(
pir2
K
)−1
. Thus, the interval of validity exists if
pir2
K
< n−1c . It is known [18] that the disorder does not af-
fect dramatically the decay law of the indirect exchange.
Therefore, the dependence Ein(r) can be approximated
as Ein(r) ≈ Ein(0)/ner
2, where Ein(0) is the interaction
at distances ∼ n
−1/2
e . Using the expression Eq. (6) for
nc, the condition of validity can be rewritten in the form
Ein(0) < EF/ ln (EF/TK). On the other hand, since the
RKKY exchange integral also determines the exponent in
the Kondo temperature, we can express Ein(0) through
TK. This yields the estimate Ein(0) ∼ EF/ ln
2 (EF/TK).
Thus, parametrically, the interval of validity of our the-
ory exists, although the “large” parameter, ln (EF/TK),
is certainly not reliable.
Implications. Conventionally, the prime manifesta-
tion of the Kondo effect is a drop of the Drude con-
ductivity with decreasing temperature. This behavior
reveals the temperature dependence of the full scatter-
ing cross section from a Kondo impurity. Compared to
this prominent effect, other aspects of the Kondo physics
received much less attention in the literature. These
more delicate aspects were addressed in connection with
the pair breaking in superconductors [15], weak local-
ization corrections to the conductivity of metallic films
and wires [19], and, most recently, in connection with
electron-electron interactions mediated by Kondo impu-
3
rities [20–23]. In the case of the Anderson insulator, the
Kondo effect should manifest itself through the inelastic
transport. Indeed, the Mott law for the low–temperature
resistance of the Anderson insulator can be written as
lnR ∼ (∆c/T )
1/3 =
[
νT ξ2(g)
]−1/3
, and applies at tem-
peratures T ≪ ∆c. As we demonstrated above, Kondo
impurities govern the dependence ξ(g). This immediately
suggests that the resistance of the Anderson insulator is
exponentially sensitive to a weak parallel magnetic field,
which otherwise has no effect on electronic states. In-
deed, for large enough ξ, so that ∆c <∼ TK, a Zeeman
splitting, ∆Z ∼ ∆c, suppresses the Kondo correlations
and, thus, causes a growth of ξ. In general, inelastic
transport is a natural arena to test the scaling theory
[1]. For example, a predicted doubling of ξ in quasi-
1D systems in a weak perpendicular field [24] has been
revealed through the giant negative magnetoresistance
in the localized regime [25]. Correspondingly, we pre-
dict a giant negative magnetoresistance for g > gK and
a strong positive magnetoresistance for g < gK. When
discussing inelastic transport, it is important to remem-
ber that our key equation Eq. (4) implies that a single-
particle localization length has a meaning only for elec-
tron energy <∼ ∆c. This, however, does not restrict the
applicability of the Mott law, since the typical activation
energy ∼
(
∆cT
2
)1/3
is much smaller than ∆c. Note, that
the spin-glass state of magnetic impurities in the Ander-
son insulator should be also sensitive to a weak paral-
lel magnetic field. Since in the experiment, nM is never
known precisely, there is a question as to how to dis-
tinguish the Kondo-state of impurities (with spins com-
pletely screened) from the glassy state (in which the spins
are frozen). In the experimental paper [26], the meso-
scopic measurements of the asymmetric (with respect to
the reversal of magnetic field) component of the resis-
tance allowed the authors to identify the spin-glass state.
This asymmetric component originates from the fact that
the time-reversal symmetry in the spin glass is broken.
Conclusion. Scaling theory of localization is a scheme
that accounts for all orders in the disorder strength. The
insightful observation [2,5,6] that interference effects and
the localization which they cause, survive in the presence
of the spin–flip processes, suggests that magnetic impu-
rities can be included into the scaling theory through the
crossover parameter (τs/τ) (ξ/l)
−2
. In the present paper
the many–body physics is incorporated into this scheme
in a nonperturbative fashion, i.e. with full account for
the interactions. This is achieved at the expense of the
assumption that the Coulomb interaction between the
electrons is screened due to, say, a gate electrode. The
only type of interactions retained is the on–site Hubbard
repulsion [27], which is responsible for the magnetic prop-
erties of an impurity, and gives rise to the Kondo physics
in the presence of the Fermi sea. Retaining only the Hub-
bard repulsion, allows one to trace the interplay of the
interference and interaction effects on a nonperturbative
level. Our study suggests that this interplay results in
the enhancement of localization.
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